Gold nanoparticles are widely used for biomedical applications such as cancer therapy, drug delivery and high resolution imaging of biological tissues (spectroscopy, Surface Enhanced Raman spectroscopy, fluorescence...). The specific interaction of light with metallic nanoparticles produces an enhancement of the local field which is used as a nanometric probe of molecules, but also as a nanometric heater for drug delivery or for the necrosis of diseased cells. This interaction is commonly introduced through the polarisability of a dipole subject to the local electromagnetic field. The dipole approximation is also used to explain the resonance of the interaction between light and metallic nanoparticles in undergraduate courses. The validity of this approximation commonly relates the radius of the particle R to the illumination wavelength λ 0 through inequality R << λ 0 . Nevertheless this condition is inaccurate and insufficiently precise to be operational in practice. We propose to precise the criterion of validity of the dipole approximation and therefore to deduce the maximum radius of a metallic nanoparticle that could 404 Dominique Barchiesi and Thomas Grosges be considered as a dipole, as a function of the tolerance on the relative error between the rigorous solution and the dipole approximation. A general law is deduced for gold nanoparticles.
Introduction
The dipole approximation has the advantage of being a simple tool description of the interaction between light and matter [8, 1, 12] . This approximation is used to model the response of molecules to the application of a field. The temptation to apply the same model to nanometric particles is legitimized by the subsequent simplicity of description of electromagnetic coupling between nanoparticles and molecules, especially as the small radius approximation of scattering by small particles leads to the same formulation as for molecules [5] . The advantage of the dipole approximation lies in its simplicity compared to the full Mie theory involving Bessel functions [9, 13] . Nevertheless the classical justification of validity of this approximation is based on the comparison of terms in series, and is not relevant in the case of plasmon resonance that is used to enhance the interaction between light and nanoparticle [3] . The purpose of the following study is to propose a method that overcomes this failure, and to give a practical tool to link the radius of nanoparticles to the error induced by the dipole approximation. Therefore, Sec. 2 is devoted to the model and Sec. 3 gives the application to gold nanoparticles.
Materials and Methods
Definition 2.1 (Mie theory) The Mie (or Lorentz-Mie-Debye) solution of Maxwell equations is known since 1908 and applied to the explanation of the colour changing of colloidal gold spheres solutions [10, 5] . Since many papers were devoted to the applications of this model [13] . Among all applications of small metallic particles quote only surface-enhanced Raman spectroscopy (SERS), catalysis, biosensing or in the treatment of skin cancer [13] . The Mie theory is a rigorous model that gives the electric field that results from the interaction between an electromagnetic linearly polarized plane wave with a spherical particle. The electric field is written as series. These series correspond to an expansion of the electric field on a basis of the wave equation in spherical coordinates. Each coefficient of this expansion is calculated analytically by using the boundary conditions of the electromagnetic field at the surface of the sphere. Many open source computing codes are available on the web, in various programming languages. 
with
where i is the pure imaginary number such as i 2 = −1. The spherical metallic particle is illuminated by a monochromatic plane wave of wavelength in vacuum λ 0 . The optical properties of the media can be found in Ref. [2] : the ratio of the refractive index of the particle to that of the surrounding medium (water: 1.33) is denoted m(λ 0 ). The numerical values of the optical properties of noble metals (m) can be found in Refs. [11, 7] and a method of analytical fitting in Ref. [2] . It is also convenient to introduce the parameter size x = 2πR/λ 0 , with R the radius of the spherical particle.
For small particles a first approximation consists in using only this first term in the Mie series (dipolar approximation: DA). 
The first term dip 1 (of order 3, S 3 ) in the power series (Eq. 3) corresponds to the polarizability of matter and to the dipole approximation. For m 2 = −2 the series exhibit a pure singularity that requires a specific treatment to have physical meaning [3] . In the case of the investigated metals in the investigated domain wavelengths ([300 − 1500] nm) m 2 differs from −2. 
This inequality is deduced from the ratio of the term of order 5 (S 5 ) to that of order 3 (S 3 = dip 1 ) in Eq. 3. Therefore, the limit radius of nanparticles can be directly deduced from this formula which uses only two terms in series, and therefore neglects all the followings. Over the investigated range of wavelengths, the limit radius can be deduced:
This approach neglects higher order terms in series.
Definition 2.5 (Accurate criterion of validity of SRDA -R lim ) The relative error e between a 1 and dip 1 is defined:
This error is the maximum of the relative error, over the investigated domain of wavelengths (uniform or sup norm). This norm ensures that the approximation is better than this limit value for each wavelength. However the associated limit radius cannot be calculated as simply as from Eq. 5.
To summarize the model, a first approximation consists in limiting the infinite Mie series to a single term a 1 . The second approximation consists in calculating the series of a 1 around x = 0. The purpose of the following is to quantify the vague assertion: "small enough" and the inequality in Eq. 4, to calculate the accuracy of this last approximation. The purpose of this study is calculating the limit radius of particles below which a given tolerance on the approximation is verified. The method consists in solving the inverse problem associated to the error which can be tolerated (Eq. 6). Definition 2.6 (Inverse problem for a fitting of degree 3) Assuming a polynomial fitting of degree 3, of the function e(R):
the inverse function for real number R(e) is deduced:
This inverse function gives the limit radius R(e) of the particle as a function of the error e. The degree of the polynomial is chosen in order to be able to find the inverse function and preserving the shape of the curve as much as possible.
Results and Discussion

Results
The function e(R) is monotonic increasing function of R, as well as the inverse function, for a gold nanoparticle (Eq. (6), Fig. 1 ). The maximum of errors are found for the smallest wavelength of the investigated domain excepted in UV and visible domains (min(λ 0 ) ∈ [310; 535] nm) where it is found at λ 0 = 535 nm. The coefficient C m in dip 1 (Eq. 3) depends on the ratio of the square of the refractive index of gold to that of the surrounding medium (m 2 (λ 0 )):
This coefficient C m is maximum at λ 0 = 530 nm. This phenomenon is the surface plasmon resonance that produces field enhancement. It has to be noticed that the second term in series around x = 0 (Eq. 3) also reaches a maximum at λ 0 = 535 nm. The coefficient a 1 in the Mie series exhibits a singularity at this wavelength and therefore all terms of the series of a 1 around x = 0 are enhanced [3] . This maximum does not occur for m 
The norm of the residuals of the polynomial fitting is 1.52 × 10 −4 . As shown in Fig. 1 , the fitting is satisfactory. Quadratic polynomials produce a less accurate fitting with a residue standard equal to 0.0619. In this case, the inverse (or reciprocal) function of e(R) is R lim (e) (Eq. 8) that gives the maximum radius for a maximum error e, tolerated on the conditions of applicability of the dipole approximation:
C = −3.79838 × 10 −11 + 7.66637 × 10 −12 e + 1.023677.66637 × 10 −12 (e − 9.9095)(e + 0.000312062). (13) From Eq. 12, the maximum radius R lim of the metallic particle can be calculated as a function of the maximum of the relative error e that is tolerated for a given application. Figure 2 shows the plot R lim as a function of the tolerated error e. The maximum radius R S lim calculated from Eq. 5 is greater than R lim . Therefore, the terms of order higher than 5 in series of a 1 around x = 0 cannot be neglected and the dipole term must be compared to the coefficient a 1 and not to its fifth order approximation even for radii near 20 nm. As mentioned above the coefficients of polynomial fitting C i depends on the wavelength for the maximum of error, that is defined by a piecewise function. Figure 2 shows the coefficients of fitting C i as a function of the minimum of the domain of investigated wavelengths. The flat zone near the shorter wavelengths in the visible domain corresponds to the case for which the maximum of error is obtained for λ 0 = 535 nm (the surface plasmon resonance dominates). 
Discussion
The main goal of this paper was to propose a method for the accurate evaluation of the dipole approximation, and to apply it to gold nanoparticles in water. The ratio of the two first terms in series around x = 0 is not an accurate criterion. The relative error of the small radius dipole approximation (dip 1 ) to the dipole approximation (a 1 ) is preferred. Figure 1 reveals that nanoparticles with radius smaller than 17 nm can be considered as dipole bearing a maximum tolerance of 5%. In the infrared domain the limit radius reaches 30 nm. Moreover results can be summarized for two zones of wavelengths.
The first one goes from UV to the near IR (300 < λ 0 < 800 nm)). The second one is far IR (λ 0 > 800 nm). In the first one, if a maximum of error of 10% is tolerated, the limit radius is close to 25 nm. A spherical particle of size 50 nm can therefore be considered as a dipole. In far IR, particles of size 80 nm can be considered as dipoles. Of course, if an accurate calculation of the field enhancement is required, the terms of higher order in the Mie expansion are required.
The numerical results also showed two different zones where the maximum of the relative error is either reached at the minimum of the investigated domain of wavelengths or at λ 0 = 535 nm (for min(λ 0 ) ≤ 535] nm). In this case, the surface plasmon resonance produces an enhancement of the coefficient C m (Eq. 10). This enhancement also increases the relative error and therefore deteriorates the accuracy of the dipole approximation. Near the surface plasmon resonance, the relative error is close to that in the near UV zone where the wavelength is about 1.8 times smaller. The surface plasmon resonance occurs for a value of m 2 = −2, and therefore, the vanishing of the denominator of the small radius dipole approximation does not correspond to the real conditions of surface plasmon resonance [4] .
Conclusion
A fitting of numerical evaluation of the error on the dipole approximation was proposed. Then an inverse method has been proposed to control the validity of the small radius dipole approximation for a gold nanosphere. The numerical results and the inverse function allow deducing directly the limit radius, from fitting, and plots of the required coefficients are given. A complete tool is proposed, to evaluate numerically the validity of the small radius dipole approximation, and to deduce the limit radius if a maximum error is tolerated over a give domain of wavelengths. This approximation can be used wittingly to simplify the problems where interaction between a gold nanosphere and the surrounding biological medium has to be studied. The results show that the classical method using the term of order 5 in the series of the first Mie coefficient a 1 is inaccurate. Such a method can also be applied to higher order coefficients of the Mie series, and for other materials [5, 6] .
